In this article, we give two different proofs of why the Collatz Conjecture is false.
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For the rest of this article, we will ignore the infinite cycle of 4, 2, 1, and say that a Collatz sequence converges to 1, if it reaches 1. A comprehensive study of the Collatz Conjecture can be found in [3] , [4] , and [5] .
In this article, as we did before in [1] , [2] , and [?], we focus on the subsequence of odd numbers of a Collatz sequence. This is because every even number in a Collatz sequence has to reach an odd number after a finite number of steps. Observe that the Collatz Conjecture implies that the subsequence of odd numbers of a Collatz sequence converges to 1.
In Section 2, we use networks of Collatz sequences [2] to prove that the Collatz Conjecture fails. In Section 3, we use the notion of Reverse Collatz sequences [1] to give another proof of the collapse of the Collatz Conjecture.
2 Networking to prove that the Collatz Conjecture is false.
In this section, we use an array of Collatz sequences to demonstrate how the Collatz Conjecture fails. In [2] , we proved the following theorem which showed that the Collatz sequence of an odd number A merges either with the Collatz sequence of (A − 1)/2 or 2A + 1.
Theorem 2.1. (Theorem 2.1, [2] ) Let N be an odd number. Let n 0 = N, m 0 = 2n 0 + 1 = 2N + 1, and l 0 = 2m 0 + 1 = 4N+3 . Let n i , m i , and l i denote the subsequence of odd numbers in the Collatz sequence of n 0 , m 0 , and l 0 , respectively. Then, for some integer r, n r+1 = (3n r + 1)/2 k such that k > 1. Let r be the smallest such integer. Then, m r+2 = (3m r+1 + 1)/2 j for some j > 1, and
If k = 2, then m i = n i for i > r + 1. Otherwise, if k > 2 then l r+2 = 4m r+2 + 1 and l i = m i for i > r + 2.
For some integer u 0 , consider the sequence u i = 2u i−1 + 1, for i ≥ 1. Let v j,i denote the sequence of odd integers in the Collatz sequence of u i . Theorem 2.1 tells us that for every i > 0, there is some r such that for j ≤ r, v j,i = 2v j,i−1 + 1 and v r+1,i = 2 k v r,i−1 + 1 where k > 1. This fact motivates us to construct the array of Collatz sequences in Theorem 2.3.
Let A be an odd number. Write A in its binary form, A = 2 i 1 + 2 i 2 + · · · + 2 im + 2 n + 2 n−1 + 2 n−2 + · · · + 2 2 + 2 + 1, such that i 1 > i 2 > · · · > i m > n + 1.
The tail of A is defined as 2 n + 2 n−1 + 2 n−2 + · · · + 2 2 + 2 + 1. We call n the length of the tail of A (See [1] ).
Example 2.1. The tail of 27 = 2 4 + 2 3 + 2 + 1 is 2 + 1 and hence has length 1, the tail of 161 = 2 7 + 2 5 + 1 is 1 and hence is of length 0, and the tail of 31 = 2 4 + 2 3 + 2 2 + 2 + 1 is the entire number 2 4 + 2 3 + 2 2 + 2 + 1 and therefore has length 4.
In [1] we proved the following theorem about the odd numbers in a Collatz sequence.
Theorem 2.2. (Theorem 2 [1] ) Let A be an odd number and let n denote the length of the tail of A. Let a i denote the sequence of odd numbers in the Collatz sequence of A with a 0 = A.
1. If n ≥ 1, then for some i 1 > i 2 > · · · > i m > n + 1,
The length of the tail of a i is n − i. Hence the length of the tail of the n-th odd number after A is 0.
2. If n = 0, then 
We get an array
with the following properties:
3. For j ≥ 1, the j-th column is the first few odd numbers in the Collatz sequence of u j .
Proof. 1. Since n ≡ 1 mod 3, u 0 = 4n + 1 ≡ 2 mod 3. If u i ≡ 2 mod 3, then u i+1 = 2u i + 1 ≡ 2 mod 3. Consequently, u k ≡ 2 mod 3 for all k ≥ 0.
For i > 0, v i,i ≡ 2 mod 3, by definition. If v i,j ≡ 2 mod 3, then v i,j+1 = 2v i,j + 1 ≡ 2 mod 3. Thus, it follows that v i,j ≡ 2 mod 3, if i > 0 and j > 0.
Since
3. When j ≥ 1, v 0,j = u j . We know from Part 2 that v i,j ≡ 3 mod 4 if i = j. Therefore, by Corollary 2.1, the odd number that comes after v i,j in the Collatz sequence of v i,j is (3v i,j + 1)/2. We do not compute the odd numbers that come after v i,i . Hence, assume that j > i.
For k ≥ 1, let z k be defined as follows:
Then, by definition, for
Consequently,
This implies v i+1,j is the odd number that comes after v i,j in the Collatz sequence of v i,j . Hence, for j ≥ 1, the j-th column is the first few odd numbers in the Collatz sequence of u j .
For j
Theorem 2.3 can be used to construct divergent Collatz sequences as shown in the example below. Observe that the Collatz sequence of u i is strictly increasing till v i,i . Our choice of u 0 and Theorem 2.1 makes sure this is the case. Check that v i+1,i will be smaller than v i,i . We see that as i increases, a subsequence of the Collatz sequence of u i is increasing indefinitely. Thus creating divergent Collatz sequences. This implies that the Collatz Conjecture is false. Different values of n provide different arrays that lead to different divergent Collatz sequences. 3 Reversing to prove that the Collatz Conjecture is false
In this section, we provide a different proof of how the Collatz Conjecture fails.
Let A be an odd integer. We say A is a jump, if A = 4n + 1 from some odd number n. If A = 4 i × P + 4 i−1 + 4 i−2 + · · · + 4 + 1, such that i ≥ 1 and P is an odd number, then we say A is a jump from P of height i. Jumps are studied in great detail in [1] and [2] . We say two Collatz sequences are equivalent if the second odd number occurring in the sequences are same. The Reverse Collatz sequence, r i , of a positive integer A was defined in [1] as follows.
if r i−1 ≡ 1 mod 3 and r i−1 is even; 2r i−1 if r i−1 ≡ 1 mod 3 and r i−1 is even;
We say that a Reverse Collatz sequence converges if the subsequence of odd numbers of the sequence converges to a multiple of 3. Let p i denote the subsequence of odd numbers in the Reverse Collatz sequence of A. Then, in [1] , it was proved that, if p i ≡ 0 mod 3, then p i+1 do not exist. Otherwise, p i+1 is the smallest odd number before p i in any Collatz sequence and
It was conjectured in [1] , that, the Reverse Collatz sequence converges to a multiple of 3 for every number greater than one. See [1] and [2] for more details about Reverse Collatz sequences. Observe that r 1 < r 0 . Moreover, if u ≡ 2 mod 3, let t i represent the subsequence of odd numbers in the Reverse Collatz sequence of u, then t 1 = (r 1 − 2)/3. Therefore, r 1 = 2u + 1. Consequently,
Proof. Since
If u ≡ 2 mod 3, then by definition of Reverse Collatz sequence, t 1 = (2u − 1)/3. Thus, t 1 = (r 1 − 2)/3. Theorem 3.1. Let A be an odd number and let A ≡ 2 mod 3. Define a sequence of odd numbers, v 0,j , such that, v 0,0 = A, and for j > 0, v 0,j = (v 0,j−1 − 2)/3. Then, for some integer n ≥ 0, v 0,j ≡ 2 mod 3 for j < n, and v 0,n ≡ 2 mod 3. Moreover, there are at least n + 1 terms in the subsequence of odd numbers in the Reverse Collatz sequence of v 0,0 (by Part 1). Let v i,0 , i = 0, . . . , n, denote the first n + 1 terms of the subsequence of odd numbers in the Reverse Collatz sequence of v 0,0 . Then, for each i = 1, . . . , n, we can form an
with the following properties.
1. For each j = 0, . . . n, v i,j , i = 0, 1, . . . , n − j, are the first n + 1 − j terms of the subsequence of odd numbers in the Reverse Collatz sequence of v 0,j . For i = 0, . . . , n, v i,j ≡ 2 mod 3 whenever j = n − i, and v i,n−i ≡ 2 mod 3.
For
On the other hand, if v 0,n ≡ 0 mod 3 then,
3. v 0,0 = 3 n (v 0,n + 1) − 1 and v n,0 = 2 n (v 0,n + 1) − 1. Moreover, for i = 1, . . . , n, v i,0 = 3 n−i × 2 i × (v 0,n + 1) − 1.
Proof.
1. By Lemma 3.2, since v 0,1 ≡ 2 mod 3, v 1,0 ≡ 2 mod 3, and v 1,1 is the next odd term in the subsequence of odd numbers in the Reverse Collatz sequence of v 0,1 . Now, because v 1,0 ≡ 2 mod 3, v 2,0 is well defined as the next term in the Reverse Collatz sequence of v 1,0 , by Equation 1. Since, v 0,2 ≡ 2 mod 3, we apply Lemma 3.2, again, to conclude that v 1,1 ≡ 2 mod 3, and v 1,2 is the next odd term in the subsequence of odd numbers in the Reverse Collatz sequence of v 0,2 .
Applying this argument, repeatedly, we derive that for each j = 1, . . . , n − 1, v 1,j is the first odd term that comes after v 0,j in the Reverse Collatz sequence of v 0,j . We also get that v 1,j ≡ 2 mod 3, for j = 1, . . . , n − 2. Since v 0,n ≡ 2 mod 3, v 1,n−1 ≡ 2 mod 3, by Lemma 3.2.
Now, since we established that v 1,1 ≡ 2 mod 3, we will repeat the above argument to derive that for each j = 1, . . . , n − 2, v 2,j is the first odd term that comes after v 1,j in the Reverse Collatz sequence of v 1,j . We also get that v 2,j ≡ 2 mod 3, for j = 1, . . . , n − 3, and v 2,n−2 ≡ 2 mod 3.
Continuing thus, we get for each j = 0, . . . n, v i,j , i = 0, 1, . . . , n − j, are the first n + 1 − j terms of the subsequence of odd numbers in the Reverse Collatz sequence of v 0,j . For i = 0, . . . , n, v i,j ≡ 2 mod 3 whenever j = n − i, and v i,n−i ≡ 2 mod 3.
2. This result follows from Lemma 3.2.
Rewriting
Continuing thus we get v i,0 = 3 n−i × v i,n−i + 2 × n−i−1 s=0 3 s . Since
In particular, v 0,0 = 3 n (v 0,n + 1) − 1 and v n,0 = 2 n (v 0,n + 1) − 1.
Since v 0,0 = 3 n (v 0,n + 1) − 1 and v 0,0 ≡ 2 mod 3, v 1,0 = 3 n−1 × 2 × (v 0,n + 1) − 1, by Equation 1. By Part 1, v 1,0 ≡ 2 mod 3. Therefore, again, by Equation 1, we derive v 2,0 = 3 n−2 × 2 2 × (v 0,n + 1) − 1. Repeating this argument, we get, for i = 1, . . . , n, v i,0 = 3 n−i × 2 i × (v 0,n + 1) − 1.
Example 3.4. In this example, we apply Theorem 3.1 to A = 2429 ≡ 2 mod 3. Here, n = 5, v 0,5 = 9, The columns are the first odd terms in the Reverse Collatz sequence of v 0,j . Observe that v 0,5 = 9, v 2,3 = 39, v 4,1 = 159 are ≡ 0 mod 3 and v 1,4 = 19, v 3,2 = 79, and v 5,0 = 319 are ≡ 1 mod 3. v 0,0 = 2429 = 3 5 × 10 − 1, and v 5,0 = 2 5 × 10 − 1 = 319. For i = 0, . . . n − 1, r i ≡ 1 mod 3, and
Observe that r i > r i−1 for i = 1, . . . , n.
Proof. Since, A ≡ 1 mod 3, by Equation 1, we get r 1 = (4A − 1)/3 = 4 × 3 n−1 B + 1. If n > 1 then r 1 ≡ 1 mod 3. Again, by Equation 1, r 2 = 4 2 × 3 n−2 B + 1. If n > 2 then r 2 ≡ 1 mod 3. Continuing this argument, we get, for i = 0, . . . n−1, r i = 4 i ×3 n−i ×B +1, such that, r i ≡ 1 mod 3. Now since r n−1 ≡ 1 mod 3, we get r n = 4 n × B + 1. Since B ≡ 0 mod 3, r n ≡ 1 mod 3. In fact, r n ≡ 2 mod 3, if B ≡ 1 mod 3, and r n ≡ 0 mod 3, if B ≡ 2 mod 3.
Example 3.5. We apply Lemma 3.3 to A = 91. We can write A = 3 2 × 10 + 1. Let r i denote the subsequence of odd numbers in the Reverse Collatz sequence of A. Then, r 0 = 91 = 3 2 × 10 + 1 r 1 = 121 = 4 × 3 × 10 + 1 r 2 = 161 = 4 2 × 10 + 1 ≡ 2 mod 3.
Since 10 ≡ 1 mod 3, r 2 ≡ 2 mod 3.
Example 3.6. In this example, we demonstrate the convergence of the Reverse Collatz sequence of 2429. By Part 3 of Theorem 3.1, v 0,0 = 3 n (v 0,n + 1) − 1. Rewriting, we get (v 0,0 + 1)/3 n = v 0,n + 1. Since (2429 + 1)/3 5 = 10, and 10 ≡ 0 mod 3, we get v 0,5 = 9. By Part 2 of Theorem 3.1, Since 9 ≡ 0 mod 3, v 5,0 ≡ 1 mod 3. Now v 5,0 = 319 = 3×106+1, therefore. v 6,0 = 4 × 106 + 1 = 425, by Lemma 3.3. Also, since, 106 ≡ 1 mod 3, v 6,0 ≡ 2 mod 3. Since 426/3 = 142, we get v 6,0 = 3 × 142 − 1, by Part 3 of Theorem 3.1. Since 142 ≡ 1 mod 3, v 7,0 ≡ 2 mod 3, by Lemma 3.3. Continuing this argument, we see that subsequence of odd integers of the Reverse Collatz sequence of 2429 fluctuates between numbers that are ≡ 2 mod 3 and 1 mod 3, till it reaches 111 ≡ 0 mod 3. Thus, we see that the odd numbers of a Reverse Collatz sequence, keep alternating between numbers that are congruent to 1 mod 3 and 2 mod 3, till it reaches a number that is divisible by 3. Which also means the sequence increases and decreases at regular intervals. Does this sequence converge? Or does it alternate forever? We cannot answer this question yet.
A Reverse Collatz sequence will continue till it reaches a number A that is a multiple of 3. Now if A is a multiple of 3, then 4A + 1 ≡ 1 mod 3. So the Reverse Collatz sequence of 4A + 1 is non trivial. Moreover, the Collatz sequences of A and 4A + 1 are equivalent. Thus, a Collatz sequence can be extended backwards forever using jumps as in Example 3.7. A sequence containing infinite terms is divergent. Proof. Given an odd integer A, consider the sequence of jumps b i = 4b i−1 + 1 with b 0 = A. This is an infinite sequence with equivalent Collatz sequences by Lemma 3.1. If for any i, b i ≡ 0 mod 3, then b i+1 ≡ 1 mod 3, b i+2 ≡ 2 mod 3, and b i+3 ≡ 0 mod 3. Which implies there are infinite jumps for any number A which are not multiples of 3. The reverse Collatz sequences of these jumps are non trivial. Hence, there are infinite ways to go backwards. Moreover, as in Example 3.7, these sequences can be extended backwards infinitely. All these sequences have infinite terms and hence are divergent.
